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(1). Let P = 〈P,≤〉 be any linearly ordered set. Let � be a well-ordering of P of length |P |.
Define

B = {q ∈ P | ∀p ∈ P q ≤ p =⇒ q � p} .

(a) Let r ∈ P and define
s = min

�
{p ∈ P | r ≤ p} .

Show that s ∈ B and r ≤ s.

(b) Show that � and ≤ agree on B – ie if a, b ∈ B then

a ≤ b ⇐⇒ a � b.

(c) Show that 〈B,�〉 is a well-order with ordertype at most |P |.

(2).

(a) Show that the set of finite subsets of ω is countable.

(b) Show that the set of permutations of ω has size 2ℵ0 .

(3). Show the following:

(a) 2ω = ωω;

(b) (2ω)ω = 2ω;

(c) ωω1 = 2ω.

(4). Suppose that κ2 = κ for all infinite cardinals. Show that κ + λ = κ · λ for all infinite
cardinals – without using the Axiom of Choice!

(5). For infinite cardinals λ ≤ κ show that

|{X ⊆ κ | |X| = λ}| = κλ.



(6). When λ is an infinite cardinal and κ is any cardinal recall that

κ<λ =

∣∣∣∣∣⋃
α<λ

ακ

∣∣∣∣∣ .
(a) Show that κ<λ = sup

{
κθ
∣∣ θ < λ and θ is a cardinal

}
.

(b) For any τ0 < λ show that κ<λ =
∑

τ0<τ<λ
κτ .

(c) Show that either

(i) there is some τ < λ such that κ<λ = κτ ; OR

(ii) there is a sequence of cardinals 〈λξ | ξ < cf(λ)〉 cofinal in λ such that – α < β
implies κλα < κλβ , and κ<λ =

∑
ξ κ

λξ .

(d) Show that c(i) implies cf(κ<λ) ≥ λ.

(e) Show that c(ii) implies cf(κ<λ) = cf(λ).

(f) Show that case c(i) implies

(κ<λ)ρ =

{
κ<λ if 0 < ρ < λ

κρ if ρ ≥ λ.

(g) Show that case c(ii) implies

(κ<λ)ρ =


κ<λ if 0 < ρ < cf(λ)

κλ if cf(λ) ≤ ρ < λ

κρ if ρ ≥ λ.


